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Abstract In this paper the geometric phases of two entangled spin-1/2 particles in the pres-
ence and absence of spin-spin interaction are calculated. We also discuss the geometric
phases when only one of the two particles is affected by the external magnetic field. Our
results show that the geometric phase in this case is not equal to that of a single particle
under the same evolution condition because of the effect of entanglement. We further study
the entanglement dependence of the noncyclic geometric phases in the interacting and non-
interacting spins under a time-independent uniform magnetic field. A general entanglement-
dependence geometric phase is formulated.

Keywords Spin-1/2 particle · Geometric phase · Dynamic phase · Quantum
entanglement · Uniform magnetic field

1 Introduction

The concept of geometric phase was first introduced by Pancharatnam [1] in his study of in-
terference between light waves on the distinct states of polarization. Although his treatment
was essentially classical, the notion of geometric phase was later shown to have impor-
tant consequence for quantum system. However, Berry [2] found a geometric phase factor
γn(c) = i

∮
c
〈n( �R)|∇ �R|n( �R)〉 · d �R ( �R is parameter space, and �R(T ) = �R(0)) in addition to

the familiar dynamical phase factor − 1
�

∫ T

0 En( �R)dt when a quantum system undergoes
a cyclic adiabatic evolution. After Berry’s rediscovery, the geometric phase has attracted
a great deal of interests. One of the important extension was performed by Aharonov and
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Anandan [3]. They generalized the geometric phase from adiabatic approximation to nonadi-
abatic condition. Whereafter, a series of experimental and theoretical progress were achieved
in many fields, such as nuclear physics, optics, quantum information, quantum field theory
and so on [4–13]. The geometric phase for a pair of entangled spin-1/2 particles under ro-
tating magnetic fields was given in [14]. And very recently the geometric phase for a pair
of interacting spin-1/2 particles with one particle driven by a slowly rotating magnetic field
was investigated [15]. Inspired by the result in [15], here we mainly consider the entangle-
ment dependence of the geometric phase in SU(2) subsystems.

For a noncyclic process, the total phase accumulated during the evolution can be denote
as the sum of dynamic and geometric phase, γtot = γdyn + γgeo, where the dynamic phase
and the geometric phase are given as [14, 16, 17]

γdyn = −i

∫ T

0
〈� (t) | �̇ (t)〉dt = −i

∫ T

0
〈� (0)|U (t)+ U̇ (t) |� (0)〉 , (1)

γtot = arg 〈� (0) | � (T )〉 = arg {〈� (0)|U (t) |� (0)〉} . (2)

γgeo = γtot − γdyn

= arg {〈� (0)|U (t) |� (0)〉} + i

∫ T

0
〈� (0)|U (t)+ U̇ (t) |� (0)〉dt. (3)

The geometric phase γgeo is real number and usually depends only on the curve � in the
projective Hilbert space. This “gemetrical” feature is argued to be resilient to certain random
noises during quantum gate operations and may lead to promissing applications in quantum
information.

2 Noncyclic Geometric Phase

To get a simple picture of geometric phase, we first consider a single spin-1/2 particle under
a time-independent uniform magnetic field along the z direction. Assume that the initial spin
state |�n(0)〉 makes an angle θ with the z axis. During noncyclic evolution process, the spin
state at time t is written as

|�(t)〉 = e−iϕ(t)/2 cos
θ

2
| ↑〉 + eiϕ(t)/2 sin

θ

2
| ↓〉, (4)

where ϕ(t) = ϕ(0)+ωt , ϕ(0) is the initial phase and ω is the Larmor frequency proportional
to the magnetic field strength, as shown in Fig. 1. The curve � in the projective Hilbert space
is isomorphic to the curve Cn on the Poincaré sphere. Spheric coordinate vector correspond-
ing to the curve Cn is n(t) = (sin θ cosϕ(t), sin θ sinϕ(t), cos θ) (t ∈ [0, T ]). Inserting (4)
into (3), we obtain the noncyclic geometric phase

γgeo (Cn) = − arctan

(

cos θ tan
ωT

2

)

+ ωT

2
cos θ = −1

2
�

[
Cg−c

n

]
, (5)

where �[Cg−c
n ] is the solid angle enclosed by the cure C

g−c
n that consists of Cn and the

shortest geodesic on Poincaré sphere connecting the end points n(0) and n(T ) 	= −n(0).
Note that for a given curve Cn, γgeo(Cn) is independent of the strength of magnetic field.
That’s, it depends on the precession angle ωT , but not ω.
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Fig. 1 Vector relation for
spin-1/2 in uniform magnetic
field

Fig. 2 Poincaré sphere (a closed
loop described particle by the
polarization vector of the external
driving field)

3 Geometric Phase for Two Spin-1/2 Particles Entangled States

According to Schmidt,s theorem [18], the state of two spin-1/2 particles may be expressed
as:

|�〉 = e−iβ/2 cos
α

2
|n〉|m〉 + eiβ/2 sin

α

2
|−n〉|m〉, (6)

|n〉 and |m〉 is the state vector of particle 1 and 2, n and m are two points on the Poincaré
sphere (as shown in Fig. 2). α and β are two Schmidt parameters constants. Random point
p on the Schmidt sphere is given by p = (sinα cosβ, sinα sinβ, cosα). So antipodal points
correspond to orthogonal states, i.e. 〈−p|p〉 = 0. The angle α determines the degree of
entanglement state. α = 0 or π corresponds to product state. When α = π/2, the degree of
entanglement is maximized.

Consider two entangled spin-1/2 particles that undergo spin precession in an external
time-independent uniform magnetic field in the z direction, and assume that the two particles
do not interact with each other. The Hamiltonian reads

Ĥ = ω1Ŝ1Z + ω2Ŝ2Z, (7)

where ω1 and ω2 are the Larmor frequencies,and Ŝ1Z and Ŝ2Z are the corresponding z com-
ponents of the spin operators associated with the two particles. The states of the system
S belong to the Hilbert space H2 ≡ H ⊗ H . Vectors in H2 can be expanded as Schmidt
decompositions. Thus, the evolution of any normalized initial and any time state for the
system S processes respectively according to

|�(0)〉 = e−iβ/2 cos
α

2
|n(0)〉|m(0)〉 + eiβ/2 sin

α

2
|−n(0)〉|−m(0)〉, (8a)
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|�(t)〉 = e−iβ/2 cos
α

2
|n(t)〉|m(t)〉 + eiβ/2 sin

α

2
|−n(t)〉|−m(t)〉. (8b)

Assuming that the initial spin states |n(0)〉 and |m(0)〉 is

|n(0)〉 = e−iϕ1(0)/2 cos
θ1

2
| ↑〉 + eiϕ1(0)/2 sin

θ1

2
| ↓〉, (8c)

|m(0)〉 = e−iϕ2(0)/2 cos
θ2

2
| ↑〉 + eiϕ2(0)/2 sin

θ2

2
| ↓〉, (8d)

and the arbitrary spin states |n(t)〉 and |m(t)〉 are given by

|n(t)〉 = e−iϕ1(t)/2 cos
θ1

2
| ↑〉 + eiϕ1(t)/2 sin

θ1

2
| ↓〉, (9a)

|−n(t)〉 = −e−iϕ1(t)/2 sin
θ1

2
| ↑〉 + eiϕ1(t)/2 cos

θ1

2
| ↓〉, (9b)

|m(t)〉 = e−iϕ2(t)/2 cos
θ2

2
| ↑〉 + eiϕ2(t)/2 sin

θ2

2
| ↓〉, (9c)

|−m(t)〉 = −e−iϕ2(t)/2 sin
θ2

2
| ↑〉 + eiϕ2(t)/2 cos

θ2

2
| ↓〉. (9d)

Substituting (8) into (1), we get dynamic phase

γdyn = − cosα

(
ω1T

2
cos θ1 + ω2T

2
cos θ2

)

. (10)

Substituting (8) and (9) into (2), and utilizing normalized condition, we obtained total phase
through complicated calculation

γtot = arg 〈� (0) | � (T )〉

= − arctan

(
cos θ1 tan ω1T

2 + cos θ2 tan ω2T

2

1 − (cos θ1 cos θ2 + sinα cosβ sin θ1 sin θ2) tan ω1T

2 tan ω2T

2

)

.

So the geometric phase is gotten as

γgeo[�] = − arctan

(
cos θ1 tan ω1T

2 + cos θ2 tan ω2T

2

1 − (cos θ1 cos θ2 + sinα cosβ sin θ1 sin θ2) tan ω1T

2 tan ω2T

2

)

+ cosα

(
ω1T

2
cos θ1 + ω2T

2
cos θ2

)

. (11)

Where � is the path in the projective Hilbert space CP3. (θ1,ω1) and (θ2,ω2) are the spher-
ical polar angles and angle frequency of n and m, respectively. Even if their degree of
entanglement is the same, the geometric phase γgeo[�] is different for distinct sates. The dy-
namical phase for each spin is canceled by entanglement. Thus the inseparability of γgeo[�]
in (10) can entirely be traced back to the inseparability of the total phase arg〈�(0)|�(T )〉.

Despite the complexity in the (10) and (11) for the geometric phase in its full generality,
we can extract some interesting results. From the two equations, the dynamic phase can be
divided into two parts corresponding to the phases of the two separate particles. However,
the total phase as well as the geometric phase cannot be separated except under some special
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cases. The latter case arises primarily because of the entanglement and the interaction of the
two particles.

When state vector is at the north (α = 0) or south (α = π) pole of the Schmidt sphere,
i.e. entanglement disappear, geometric phase is

γgeo[�] = − arctan

(
cos θ1 tan ω1T

2 + cos θ2 tan ω2T

2

1 − cos θ1 cos θ2 tan ω1T

2 tan ω2T

2

)

±
(

ω1T

2
cos θ1 + ω2T

2
cos θ2

)

= γgeo[Cn] ± γgeo[Cm]. (12)

Equation (12) implies that two-particle geometric phase for product states may be analyzed
in terms of the geodesically closed solid angle for each spin.

Now assuming that only one of the particles (such as the particle 1) is affected by the
external magnetic field, the result shows that the second particle still influence the two-
particle geometric phase through entanglement. Let ω2 = 0 in (11), we obtain the geometric
phase for this state

γgeo[�] = − arctan

(

cos θ1 tan
ω1T

2

)

+ ω1T

2
cosα cos θ1. (13)

Which differs from the one-particle geometric phase γgeo(Cn) in (5). Since entanglement
interaction exists in this system. Thus, entanglement essentially affects the geometric phase
of a system. When decomposition of spin is parallel or antiparallel to the magnetic field, i.e,
θ1 = 0 or θ1 = π . In this case we obtain

γgeo[�] = ∓ arctan

(

tan
ω1T

2

)

± ω1T

2
cosα. (14)

By comparing this result with (5), we find that α play the role of the constant polar angle of
the affected spin.

4 Geometric Phase for Two Spin-1/2 Particles with a Spin–Spin Interaction

In this section we consider a quantum system consisting of two spin-1/2 particles with an
isotropic spin-spin interaction. The time-independent uniform magnetic field is applied in
the z direction. The Hamiltonian operator is

Ĥ = ω1Ŝ1Z + ω2Ŝ2Z + (8λ/�)(axS
1
xS

2
x + ayS

1
yS

2
y + azS

1
z S

2
z ), (15)

where λ and (ax, ay, az) are the strength of the interaction. When ax = ay = az = a = �/4,
i.e The Hamiltonian operator is in the case of the isotropic spin-spin interaction and nonzero
field. In this case, we give the Hamiltonian operator Ĥ in (15) in matrix form

H = (ω1σz ⊗ I + ω2I ⊗ σz) + (2λa/�)
(
σx ⊗ σx + σy ⊗ σy + σz ⊗ σz

)

=

⎛

⎜
⎜
⎝

ω1 + ω2 + λ
2 0 0 0

0 − λ
2 λ 0

0 λ − λ
2 0

0 0 0 −ω1 − ω2 + λ
2

⎞

⎟
⎟
⎠ . (16)
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The normalized initial state of the quantum system is expressed in the matrix form

|�(0)〉 =

⎛

⎜
⎜
⎜
⎜
⎝

exp[−i(β + ϕ1+ϕ2
2 )](cos α

2 cos θ1
2 cos θ2

2 + sin α
2 sin θ1

2 sin θ2
2 )

exp[−i(β + ϕ1−ϕ2
2 )](cos α

2 cos θ1
2 sin θ2

2 − sin α
2 sin θ1

2 cos θ2
2 )

exp[i(β + ϕ1−ϕ2
2 )](cos α

2 sin θ1
2 cos θ2

2 − sin α
2 cos θ1

2 sin θ2
2 )

exp[i(β + ϕ1+ϕ2
2 )](cos α

2 sin θ1
2 sin θ2

2 + sin α
2 cos θ1

2 cos θ2
2 )

⎞

⎟
⎟
⎟
⎟
⎠

. (17)

The state vector at any later time t is |�(t)〉 = U(t)|�(0)〉, where U(t) is the operator of
unitary evolution

U(t) = e−iλt/2e−iH t =

⎛

⎜
⎜
⎝

e−it (λ+ω1+ω2) 0 0 0

0 e−iλt +eiλt

2
e−iλt −eiλt

2 0

0 e−iλt −eiλt

2
e−iλt +eiλt

2 0
0 0 0 e−it (λ−ω1−ω2)

⎞

⎟
⎟
⎠ . (18)

We obtain the total phase by complicated calculation

γtot = arg 〈� (0) | � (T )〉 = arctan
Im(T )

Re(T )
, (19)

where

Im(T ) = cosα sin(ω1 + ω2)

(

sin2 θ1

2
sin2 θ2

2
− cos2 θ1

2
cos2 θ2

2

)

− sinλT

{

sin2 θ1

2
sin2 θ2

2
+ cos2 θ1

2
cos2 θ2

2
+ 1

2
sinα sin θ1 sin θ2

+
[

1

2
sin θ1 sin θ2 − sinα

(

cos2 θ1

2
sin2 θ2

2
+ sin2 θ1

2
cos2 θ2

2

)]

× cos 2

(

β + ϕ1 − ϕ2

2

)}

,

Re(T ) = cosλT + cos(ω1 + ω2)

(

cos2 θ1

2
cos2 θ2

2
+ sin2 θ1

2
sin2 θ2

2
+ 1

2
sinα sin θ1 sin θ2

)

,

the dynamic phase is

γdyn = −i

∫ T

0
〈� (t) | � (t)〉dt = −i

∫ T

0
〈� (0)|U+ (t) U̇ (t) |� (0)〉dt

= λT

{

cos(2β + ϕ1 − ϕ2)

[

sinα

(

sin2 θ1

2
cos2 θ2

2
+ cos2 θ1

2
sin2 θ2

2

)

− 1

2
sin θ1 sin θ2

]

−
(

sin2 θ1

2
sin2 θ2

2
+ cos2 θ1

2
cos2 θ2

2

)

− 1

2
sinα sin θ1 sin θ2

+ (ω1 + ω2) cosα

(

sin2 θ1

2
sin2 θ2

2
− cos2 θ1

2
cos2 θ2

2

)}

.

Thus we get the geometric phase as

γgeo = γtot − γdyn. (20)
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From (20), we see that the geometric phase is closely associated with the strength λT of
the spin-spin interaction. This result is really novel and more general compared with other
relative research work.

5 Summary

In this paper we study the influence of entanglement on the noncyclic two-particle geo-
metric phase for two different spin-1/2 models. We propose a more general formula (20)
of entanglement-dependence geometric phase with a spin-spin interaction under a uniform
magnetic field. Our formalism is applicable to any entanglement dependence of the geomet-
ric phase in the case of SU(2) subsystems. As two special examples, the geometric phases for
both a pair of spin-1/2 particles with two spin processing and an isotropic spin-spin interac-
tion are reproduced by mean of the present formulas. Futhermore, we derived the geometric
phase for an isotropic interaction and nonzero magnetic field using the present formulas.
The geometric phase for noninteracting spin-1/2 particles processing in an external time-
independent magnetic field and prepared in an entangled Schmidt state has been shown to
exhibit a rich entanglement dependence. We proposed a general entanglement dependence
geometric phase in a spin-spin interaction model and formulated the corresponding unifica-
tion scheme for that geometric phase. This result should be useful in their applications of
quantum information processing [6, 19] and further study of geometric phase [11, 15].
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